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Abstract. Consider an ordinary elliptic curve Eb : y
2 = x3 − b (of j-invariant 0) over
a finite field Fq such that
3
√
b /∈ Fq. This article tries to resolve the problem of construct-
ing a rational Fq-curve on the Kummer surface of the direct product Eb×E ′b, where E ′b is
the quadratic Fq-twist of Eb. More precisely, we propose to search such a curve among in-
finite order Fq-sections of some elliptic surface of j = 0, analysing its Mordell–Weil group.
Unfortunately, we prove that it is just isomorphic to Z/3.
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Introduction
Many protocols of pairing-based cryptography [2] use some (not necessarily injective or
surjective) map h : Fq → Eb(Fq) (often called hashing) from a finite field Fq (of characteristic
p > 3) to an ordinary elliptic curve Eb : y
2
0 = x
3
0 − b, whose j-invariant is 0. A review of this
topic is represented, for example, in [2, Ch. 8]. At the moment, most really used curves Eb
(so-called pairing-friendly curves [2, §4]) have the restriction 3
√
b /∈ Fq, that is 2 ∤ |Eb(Fq)|.
In order to construct the hashing h one can try to use the simplified SWU (Shallue–van
de Woestijne–Ulas) method, which we explain in the introduction of [5]. This method raises
a very interesting algebraic geometry task (cf. [5, Probl. 1]) of finding a rational (possibly
singular) Fq-curve (and its proper Fq-parametrization) on the Kummer surface K2 (see, e.g.,
[5, §2]) of the direct product Eb×E ′b, where E ′b is the quadratic Fq-twist of Eb. Unfortunately,
the severe requirement 3
√
b /∈ Fq makes the task very difficult.
We will suppose for simplicity the condition q ≡ 3 (mod 4), i.e., i := √−1 /∈ Fq, which is
very common in pairing-based cryptography. Also, since Eb is assumed to be ordinary, we
have q ≡ 1 (mod 3), i.e., ω := 3√1 ∈ Fq, where ω 6= 1. Therefore
E ′b = E−b : y
2
1 = x
3
1 + b, K2 : (x
3
1 + b)t
2 = x30 − b ⊂ A3(x0,x1,t),
where t := y0/y1.
There is on K2 the natural elliptic fibration (x0, x1, t) 7→ t (so-called Inose fibration [3]),
however we do not know any its Fq-section. Instead, we apply the base change t 7→ t3 and
obtain the elliptic surface
K6 : (x
3
1 + b)t
6 = x30 − b ⊂ A3(x0,x1,t)
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having the section O := (t2 : 1 : 0) ∈ P2(X0:X1:X2), where x0 = X0/X2, x1 = X1/X2.
The surface K6 is sometimes called Kuwata surface [7] (also see [4], [6], [14], [16]). It is
worth noting that K2, K6 are K3 surfaces (see, e.g., [18, §12]). Moreover, in accordance with
[16, Th. 8.1] they are singular [3], [15], [18, §13], that is their Picard Fq-numbers are equal to
20 (the highest possible one for ordinary K3 surfaces). By the way, the Picard Fq-number of
K2 equals 8 (see, e.g., [5, §2]), which is the smallest possible one for Kummer surfaces of the
direct product of any two elliptic Fq-curves.
Any rational Fq-curve on K6 obviously gives (by means of t 7→ t3) the rational one on K2.
In this regard, it is natural to study the Mordell–Weil group MW(K6) and explicitly derive
one of its non-zero elements (whose canonical height is as low as possible). This approach is
deployed in [8, §1], [10, §1], where any elliptic curve of j 6= 0, 1728 is taken instead of Eb.
We will denote for clarity by MW
(
K6
)
the Mordell–Weil group of all sections of K6 (not
necessarily defined over Fq). According to [14, §1], [16, Lemma 6.2] we have MW
(
K6
) ≃
Z6 ⊕ Z/3. In particular, the torsion subgroup is generated by any of two sections (ωjt2 : 1 : 0),
where j ∈ {1, 2}. By contrast, we prove that MW(K6) ≃ Z/3, that is the Mordell–Weil Fq-
rank of K6 is equal to 0. Unfortunately, since the torsion sections lie at infinity (i.e., on the
line X2 = 0), we can not use them to construct the hashing h by the simplified SWU method.
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1 Main result
The theory of elliptic surfaces over P1 (i.e., elliptic curves over the function field in one
variable t) is well represented, for example, in [18] (and in [19] for the case of a finite field
Fq). By abuse of notation we will denote an elliptic Fq-surface S and its generic Fq(t)-fiber
by the same letter. Besides, let us identify S with its (unique) Kodaira–Ne´ron model.
Theorem 1. The Mordell–Weil group MW(K6) is isomorphic to Z/3.
Proof. First of all, we transform K6 (with O as the zero section) to its globally minimal [18,
§8.2] Weierstrass form
E : y2 = x3 +
(
t6 + 1
2b2
)2
by means of Fq(t)-isomorphisms
ϕ : K6 ∼−→ E , ϕ−1 : E ∼−→ K6,
ϕ =


x := − t
6 + 1
b(x0 − t2x1) ,
y :=
√−3(x0 + t2x1)x
2b
,
ϕ−1 =


x0 :=
2b2y −√−3(t6 + 1)
2
√−3 · bx ,
x1 :=
2b2y +
√−3(t6 + 1)
2
√−3 · bt2x .
Also, for j ∈ Z/6 consider the elliptic surfaces given by globally minimal Weierstrass forms
Ej : y2 = x3 + tj
(
t + 1
2b2
)2
.
2
Note that Ej is a Weierstrass form for E4−j minimal at t =∞. By [18, §4.10] the surfaces
E0, E1, E2 are geometrically rational, but E5 is K3 one. Besides, according to [1, Lemma 2.1]
we have the following identities between Mordell–Weil ranks:
rk(E) =
5∑
j=0
rk(Ej), rk
(E) = 5∑
j=0
rk
(Ej).
Let ρ
(Ej) be the Picard Fq-number of Ej. Using the Tate algorithm [18, §4.2], the main
theorem of [12], and the Shioda–Tate formula [19, §3.5], we immediately obtain all cells of
Table 1 except for MW
(E5), ρ(E5). Since rk(E) = 6, we also get rk(E5) = 0 and, as a result,
E5 is a singular K3 surface. Moreover, E5 is so-called extremal elliptic surface, hence by the
row 297 of [13, Table 2] we completely fill Table 1.
It remains to prove that rk(E1) = rk(E2) = 0. For k ∈ Z/3 consider the sections
Pk :=
(
−ω
k(t+ 1)
b 3
√
4b
,
i(t + 1)
2b2
)
, Qk :=
(
− ω
kt
b 3
√
b
,
t2 − t
2b2
)
of E1 and E2 respectively. Since each triple have the same y-coordinate, we obviously get
P0 + P1 + P2 = O, Q0 +Q1 +Q2 = O.
Looking at [17, Th. 8.6], it is not hard to derive the canonical height matrices
ĥL1 =

 1/3 −1/6
−1/6 1/3

, ĥL2 =

 2/3 −1/3
−1/3 2/3


on the lattices L1 := 〈P0, P1〉 and L2 := 〈Q0, Q1〉. In particular, these matrices are non-
degenerate, hence the sections P0, P1 (resp. Q0, Q1) are linearly independent.
Besides, we have the following possible Frobenius actions Fr on L1:
−1 0
0 −1

,

1 −1
1 0

,

 0 1
−1 1


if
(
4b
q
)
3
= 1, ω, ω2 respectively. Similarly, the Frobenius Fr on L2 is given by one of matrices
−1 1
−1 0

,

0 −1
1 −1


if
(
b
q
)
3
= ω, ω2 respectively (the case
(
b
q
)
3
= 1 is ruled out by our assumption). In all cases,
rk(E1) = rk
(
LFr1
)
= 0, rk(E2) = rk
(
LFr2
)
= 0
and thus the theorem is proved.
3
Ej singular fibers lattice T MW
(Ej) ρ(Ej)
E0 IV + IV∗ A2 ⊕ E6 Z/3
10E1 II + IV + I∗0 A2 ⊕ D4 Z2
E2 3·IV A⊕32 Z2 ⊕ Z/3
E5 IV + 2·II∗ A2 ⊕ E⊕28 0 20
Table 1: The surfaces Ej, where E0 ≃Fq(t) E4, E1 ≃Fq(t) E3
2 Further questions
Let us shortly discuss what other Jacobian elliptic Fq-fibrations can be potentially used to
construct a rational Fq-curve on the Kummer surface K2. First, it is very natural to formulate
Problem 1. Is there a number n ∈ N such that the Mordell–Weil group MW(K6n) of the
elliptic surface
K6n : (x
3
1 + b)t
6n = x30 − b ⊂ A3(x0,x1,t)
(with (t2n : 1 : 0) as the zero section) is of non-zero rank?
The base change t 7→ t3n allows to transfer rational Fq-curves on K6n to rational ones on
K2. As well as for K6 it is easily shown that
y2 = x3 +
(
t6n + 1
2b2
)2
is a globally minimal Weierstrass form forK6n. Therefore the arithmetic genus of its Kodaira–
Ne´ron model is equal to 2n and hence for n > 1 the Kodaira dimension is 1.
We also can consider elliptic fibrations immediately on K2. All of them are classified
(without explicit formulas) in [11, Table 1.3] over an algebraically closed field. This is a
good question which ones are Jacobian Fq-fibrations. Finally, one may wonder about the
existence of another dominant rational maps from (elliptic) K3 surfaces onto K2. This topic
is highlighted, for example, in [9, §3].
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